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Abstract—Synchronization is a powerful and inherently hierarchical concept regulating a large variety of complex processes ranging

from the metabolism in a cell to opinion formation in a group of individuals. Synchronization phenomena in nature have been widely

investigated and models concisely describing the dynamical synchronization process have been proposed, e.g., the well-known

Extensive Kuramoto Model. We explore the potential of the Extensive Kuramoto Model for data clustering. We regard each data object

as a phase oscillator and simulate the dynamical behavior of the objects over time. By interaction with similar objects, the phase of an

object gradually aligns with its neighborhood, resulting in a nonlinear object movement naturally driven by the local cluster structure.

We demonstrate that our framework has several attractive benefits: 1) It is suitable to detect clusters of arbitrary number, shape, and

data distribution, even in difficult settings with noise points and outliers. 2) Combined with the Minimum Description Length (MDL)

principle, it allows partitioning and hierarchical clustering without requiring any input parameters which are difficult to estimate.

3) Synchronization faithfully captures the natural hierarchical cluster structure of the data and MDL suggests meaningful levels of

abstraction. Extensive experiments demonstrate the effectiveness and efficiency of our approach.

Index Terms—Synchronization, clustering, Kuramoto model

Ç

1 INTRODUCTION

CLUSTERING is essential for knowledge discovery in a
large variety of applications. During the last decades,

clustering has therefore attracted a huge volume of
attention, with multiple books, e.g., [19], surveys, e.g., [24]
and research papers, e.g., [4], [5], [12], [35] to mention a few.
Many approaches have been proposed to address the
clustering problem from different points of view, and each
cluster notion comes with specific advantages and draw-
backs. As an example, consider the wide-spread Expecta-
tion Maximization (EM) algorithm [12]. The result of EM, a
mixture model of multivariate Gaussians, is very useful for
interpretation in many applications. However, EM only
yields good results if the data at least approximately follows
the model assumption, i.e., consists of Gaussian clusters.
Moreover, the number of clusters needs to be specified as
an input parameter and the result of EM is very much
affected by outliers and noise points.

In this paper, we consider clustering from a novel
different point of view: synchronization. Synchronization is
the phenomenon that a group of events spontaneously

come into co-occurrence with a common rhythm, despite of
initial differences among individual rhythms. As an
example consider the typical synchronous flashing of
swarms of fireflies in South Asia forests [1]. In the
beginning, some fireflies start emitting flashes of light
incoherently, but after some time all the fireflies are flashing
with the common rhythm with mutual influence. During
last decades, synchronous behavior has attracted a large
volume of interest in physics, biology, ecology, sociology,
and other fields of science and technology.

1.1 Basic Idea

Inspired by these synchronization phenomena, we exploit
the synchronization dynamics to obtain a natural clustering
of a given data set. The key idea is to regard each data
object as a phase oscillator which interacts dynamically
with similar objects. We will elaborate a formal description
of the dynamical object interaction patterns by a reformu-
lated Kuramoto model (KM) in Section 3.2 and now
provide the intuition. To illustrate cluster formation by
synchronization, Fig. 1 displays six snapshots of the
simulated dynamical object movement. To facilitate pre-
sentation, 2D data are displayed. Specifically, we consider
the three objects (P1, P2, P3) in detail, where P1 is an
object in cluster C1 having high object density, P2 is an
object in cluster C2 having relatively low density, and P3 is
a global outlier, respectively. The clustering process
involves the following stages: Starting from initial condi-
tions, each object runs independently with its own phase;
As time evolves, those objects with highest density forming
local clusters synchronize together with a small interaction
range. For example, P1 interacts with the objects high-
lighted by a blue dash circle (See Fig. 1a). Fig. 1b displays
the old and the new positions of the objects for comparison.
The initial points (black color) are replaced by the red
points after one time step. Fig. 1c displays the situation
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after synchronization of cluster C1. Gradually more and

more objects synchronize together and clusters are pro-

duced with a larger interaction range, cf. figures (See

Figs. 1d, 1e, and 1f). Finally, the whole population

synchronize together and have a common phase (not

displayed). Thus, with different interaction ranges, the

dynamical process of synchronization reveals the whole

structure of the data set, from the microscale at an early

stage up to the macroscale. At each scale, outliers are

effectively detected due to their different dynamic beha-

viors hardly synchronizing with any of the cluster objects.

The principle of synchronization thus allows to detect a

natural clustering of complex hierarchal data sets with

outliers. In [2], we introduced the idea of synchronization

for partitioning clustering. In this paper, we extend this

idea to a general framework not only supporting partition-

ing but also hierarchical clustering.

1.2 Contributions

The powerful paradigm of synchronization has many

attractive benefits for clustering, most importantly:

1. Clustering driven by the intrinsic data structure. The
simulated nonlinear object movement faithfully
follows the intrinsic data structure. Thereby our
synchronization-based algorithms Sync and hSync
reliably detect clusters of arbitrary number, shape,
size, and data distribution, even in difficult settings
with large amounts of noise points and outliers.

2. Robust discovery of natural cluster hierarchies. The
inherent hierarchical nature of synchronization
allows an intuitive and effective approach for
hierarchical clustering. The algorithm hSync ex-
plores the hierarchical cluster structure from micro-
scale to macroscale by simulating the way to
synchronization over different levels of locality.

3. Intuitive parametrization. The basic algorithm Sync
for partitioning clustering requires only a single

parameter, the interaction range � characterizing
the neighborhood size, which intuitively corre-
sponds to the level of locality and is relatively
easy to estimate in many cases. Nevertheless, we
integrate the Minimum Description Length (MDL)
principle into our framework to allow fully auto-
matic partitioning clustering.

4. Compact and interpretable cluster hierarchies. In combi-
nation with MDL, hSync generates an interpretable
cluster tree consisting of meaningful levels only,
each representing a clustering of high quality.
Besides the cluster tree, the output of hSync includes
the locality-quality diagram, a visualization which
allows the user to comprehensively assess the
quality of the cluster hierarchy over all levels.

The remainder of this paper is organized as follows: In
the following section, we briefly survey related work.
Section 3 reviews the partitioning clustering algorithm by
synchronization. The hierarchical clustering algorithm is
proposed in Section 4. Section 5 discusses important
properties of our algorithms. Section 6 contains an extensive
experimental evaluation. Finally, we conclude in Section 7.

2 RELATED WORK

During the past several decades, many algorithms were
proposed for clustering, such as EM [12], CURE [17],
CLIQUE [4], BIRCH [35], CLARANS [26], etc. Due to space
limitations, we can only provide a very brief survey on
some important major research directions. Moreover, we
briefly introduce related work on synchronization.

PDF-based clustering. The key idea of these methods is
to detect clusters by using a model of probability density
functions (PDFs) to describe the data structure. The most
fundamental techniques in this line are K-means [23] and
EM [12]. These methods are suitable to detect spherically
Gaussian clusters and the number of clusters K needs to be
specified by the user. The algorithm X-means [27] extends
K-means by a technique for automatically detecting K
founded on information theory. The algorithm G-means
[18] additionally provides to detect nonspherical Gaussian
clusters. Another information-theoretic method, RIC [9], has
been designed as a postprocessing step to improve an initial
clustering of an arbitrary conventional clustering algorithm.
The cluster model comprises a rotation matrix determined
by PCA and a PDF assigned to each coordinate selected
from a set of predefined PDFs. Clusters with similar
characteristics are finally merged. However, the result
strongly depends on the quality of the initial clustering
and the cluster model is limited to linear attribute
correlations and a predefined set of PDFs. Recently, OCI
[10] is proposed to detect clusters using Independent
Components. This algorithm uses the Exponential Power
Distribution as cluster model and applies the Independent
Component Analysis for determining the main directions
inside a cluster as well as for finding split planes in a top-
down clustering approach. All methods in this category
tend to fail if the data distribution does not correspond to
the cluster model. An alternative largely avoiding restrict-
ing assumptions on the data distribution is the idea of
Parzen Windows. Local information on the object density is
collected by histograms over local windows in the feature
space or by local kernel functions, e.g., Gaussians. Thereby,
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Fig. 1. Cluster formation by synchronization. (a)-(f): Object
dynamics during the process of synchronization at the different
levels. (a, d): State before interaction: the blue dashed circles
indicate the interaction ranges. (b, e): Objects states before and
after interaction; black points:initial state; red points: new state one
time stamp later. (c, f): State after interaction.



at a global level, arbitrary data distributions can be
captured. The algorithm MeanShift (MS) [11] combines this
idea with clustering: During the run of the algorithm, the
windows move toward the direction of the highest object
density until convergence. However, the window size needs
to be suitably selected and our experiments demonstrate
that this algorithm tends to degrade in performance in the
presence of outliers and noise points.

Density-based and spectral clustering (SC). In density-
based clustering, clusters are regarded as regions of high
object density in the data space which are separated by
regions of low object density (noise). The algorithm
DBSCAN [14] formalizes this idea using two parameters :
The neighborhood of a given radius � has to contain at least
a minimum number of objects (MinPts). Arbitrarily
shaped clusters can be easily detected by DBSCAN,
however the choice of a suitable settings of � and MinPts
is often difficult, especially since the parameters are
correlated. Conceptually closely related, spectral clustering
refers to a class of techniques which rely on the
Eigenstructure of a similarity matrix to partition objects
into disjoint clusters. These algorithms, e.g., [25], [8] detect
arbitrarily shaped clusters by considering the clustering
problem from a graph-theoretic perspective. A clustering is
obtained by removing the weakest edges between highly
connected subgraphs, which is formally defined by the
normalized cut or similar objective functions. Similar to
K-means, the problem of these approaches is to choose a
suitable number of clusters and they are sensitive w.r.t.
outliers. The approach [8] partially overcomes these
problems by proposing a new cost function for spectral
clustering based on the error between a given graph
partitioning and a clustering result. However, this ap-
proach requires sample data with a known partitioning
which is not available in most cases. The approach of
Affinity Propagation (AP) [15] is closely related to spectral
and density-based clustering. Each data point is regarded
as a node in a network. The algorithm performs clustering
by letting the data points exchange messages along the
edges of the networks. By message passing, certain data
points emerge as so-called exemplars (cluster representa-
tives) and the other data points establish their cluster
membership. As input parameter for each data point a real
value must be specified characterizing the probability that
this particular point is selected as an exemplar. The
number of clusters is controlled by this parameter but also
by the structure of the network.

Hierarchical clustering. Hierarchical clustering algo-
rithms decompose a data set into several levels of partitions,
representing by a dendrogram. One of the most well-known
hierarchical clustering approaches is Single-Link [19].
Starting with the clustering obtained by placing every object
in a unique cluster, in every step two closest clusters are
merged until all objects are in one common cluster. The
technique CURE [17] utilizes multiple representative points
to evaluate the distance between clusters to exploit arbitrary
shaped clusters and avoiding the so-called Single-Link-
effect. However, for a given data set, it is difficult to define
appropriate splitting levels which correspond to meaningful
clusters. Furthermore, the dendrogram is created by the
clustering process, and does not necessarily display the true
hierarchical structure of a data set. The well-known OPTICS
algorithm [5] analyzes the hierarchical data from the

perspective of density. It provides with the so-called
reachablity plot a more suitable visualization of the
hierarchical cluster structure for large data sets. The
problem that only certain cuts through the hierarchy
represent useful clusterings remains unsolved.

Kuramoto model and synchronization. Synchronization
phenomena in large populations of interacting elements are
the subject of intense research efforts in physical, biological,
chemical, and social systems. The extensive Kuramoto
model [21], [22], [1] is one of the most successful
approaches to explore synchronization phenomena. Seliger
et al. [29] discuss mechanisms of learning and plasticity in
networks of phase oscillators through a generalized
Kuramoto model. Arenas et al. [7] apply the Kuramoto
model for network analysis, and study the relationship
between topological scales and dynamic time scales in
complex networks. This analysis provides a useful connec-
tion between synchronization dynamics, network topology,
and spectral graph analysis. From bioinformatics, Kim et al.
[20] propose a strategy to find groups of genes by analyzing
the cell cycle specific gene expression with a modified
Kuramoto model. Aeyels and Smet [3] introduce a
mathematical model for the dynamics of chaos system.
They characterize the data structure by a set of inequalities
in the parameters of the model and apply it to a system of
interconnected water basins. In summary, previous ap-
proaches mainly focus on the synchronization phenomena
of a dynamic system from a global perspective. Moreover,
to our best knowledge, the synchronization principle and
the Kuramoto model have not been investigated in the data
mining community. Inspired by ideas from dynamical
system analysis, we propose a novel clustering technique
based on local synchronization.

3 SYNCHRONIZATION FOR PARTITIONING

CLUSTERING

In this section, we introduce partitioning clustering by
synchronization. We start with an introduction of the
Kuramoto Model and then develop a variant suitable for
clustering. In Section 3.3, we discuss the algorithm Sync in
detail.

3.1 Kuramoto Model

To understand basic mechanisms responsible for synchro-
nization phenomena, the most successful approach is
Kuramoto model, which first proposed by Kuramoto [21],
[22]. The KM consists of a population of N coupled phase
oscillators where the phase of the ith unit, denoted by �i,
evolves over time according to the following dynamics:

d�i
dt
¼ !i þ

S

N

XN
j¼1

sinð�j � �iÞ; ði ¼ 1; . . . ; NÞ; ð1Þ

where S describes the coupling strength between units and
!i stands for its natural frequency. For our algorithms it is
essential that all objects have a common frequency ! since
we have no external knowledge of the objects, and different
individual frequencies tend to disturb or even prevent
cluster formation. The assumption that the frequencies of
oscillators should be identical or nearly identical also fits
well the Kuramoto model [21], [22].
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The Kuramoto model well describes the global synchro-
nization behavior of all coupled phase oscillators, which
implies that all the oscillators will finally be in a common
phase through mutual coupling. This situation rarely occurs
in real-life systems. Phase locking or partial synchronization
is observed more frequently where a local ensemble of
oscillators are synchronized together and the whole
population of oscillators is split into several clusters of
mutually synchronized oscillators. Moreover, sets of oscil-
lators with high similarity naturally synchronize more
easily than those with a large variance.

3.2 Extensive Kuramoto Model for Clustering

To apply KM for clustering, it is necessary to extensively
reformulate (1). We therefore introduce the concept of local
synchronization of phase oscillators. To introduce local
synchronization, we first need to define the notion of
�-neighborhood.

Definition 1 (�-neighborhood of an object x). The
�-neighborhood of object x, which denoted by Nb�ðxÞ, is
defined as:

Nb�ðxÞ ¼ fy 2 Djdistðy; xÞ � �g; ð2Þ

where distðy; xÞ is a metric distance function.

Definition 2 (Extensive Kuramoto model for clustering).
Let x 2 Rd be an object in the data set D and xi be the
ith dimension of the data object x, respectively. We regard each
object x as a phase oscillator according to (1), with an
�-neighborhood interaction. The dynamics of each dimension xi
of the object x is governed by

xiðtþ 1Þ ¼ xiðtÞ þ
1

jNb�ðxðtÞÞj
�

X
y2Nb�ðxðtÞÞ

sinðyiðtÞ � xiðtÞÞ:

ð3Þ

The object x at time step t ¼ 0: xð0Þ ¼ ðx1ð0Þ; . . . ; xdð0ÞÞ
represents the initial phase of the object (the original
location of object x). The xiðtþ 1Þ describes the renewal
phase value of ith dimension of object x at the t ¼ ð0; . . . ; T Þ
time evolution.

To characterize the level of synchronization between
oscillators during the synchronization process, we define an
order parameter. Instead of considering a global order
parameter, we define a cluster order parameter rc, measur-
ing the coherence of the local oscillator population.

Definition 3 (Cluster order parameter). The cluster order
parameter rc characterizing the degree of local synchronization
is provided by

rc ¼
1

N

XN
i¼1

1

jNb�ðxÞj
X

y2Nb�ðxÞ
e�ky�xk: ð4Þ

The value of rc increases as more neighbors synchronize
together with time evolution. The dynamic clustering
terminates when rcðtÞ converges, which indicates the local
phase coherence. At this moment, all local objects (within in
a cluster) have the same phase (location).

3.3 Algorithm Sync

In this section, we present the algorithm Sync for
partitioning clustering based on our reformulated extensive
Kuramoto model.

3.3.1 Dynamic Clustering

The basic idea of partitioning clustering by Sync is to regard
each object as a phase oscillator which changes its phase
(location) dynamically with time evolution according to (3).
The process of the dynamic clustering involves the
following steps:

1. At initial time (t ¼ 0), without any interaction, all

objects in the data set have their own phases, which
are represented by different values (feature vectors).

2. As time evolves, each object interacts with its
�-neighborhood, cf. Definition 1. The interaction

strength with each neighbor is determined propor-

tional to the similarity (3). Objects with similar

attributes synchronize together and form several

synchronized clusters gradually, following the in-

trinsic structure of the data set.
3. Finally, the cluster order parameter (Definition 3),

which characterizes the level of local synchroniza-

tion, is used to determine the termination of the
dynamic clustering. (rc converges).

During the dynamic process of synchronization, all

objects change their locations through the interaction with

similar objects according to (3). This means that the

neighborhood of each object also changes dynamically over

time. The traces of all objects are in line with the main

direction of the local data structure. Finally, all objects in

each cluster synchronize at a certain common phase.

Figs. 2a, 2b, and 2c show the detailed process of dynamic

clustering of 2D points from t ¼ 0 to t ¼ 4. t ¼ 0 indicates

the original data set at the initial time. From that moment on,

all objects with similar attributes start to synchronize

together through the dynamic interaction and finally, all

objects in the data set synchronize at four different phases

after four time steps. The level of local synchronization with

time evolution is characterized by the cluster order para-

meter, which indicated in Fig. 2d. When rc converges, all

objects in a cluster synchronize together (coherence or phase

locking). The dynamic clustering procedure is summarized

in Algorithm 1.

Algorithm 1. DynamicClustering

Input: Data Set D, Interaction Range �

//Simulating object dynamics

while (rc has not converged) do

for (Each object p 2 D) do

Compute its neighborhood Nb�ðpÞ for interaction;

Update its new value according to Eq: ð3Þ;
end for

end while

C ¼ FindClustersðDÞ
return C
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//Cluster membership assignment

Function C ¼ FindClustersðDÞ
C ¼ {};
Set all objects in D unchecked;

for (Each object p 2 D AND p is unchecked) do

Search for all objects in D that synchronize with p, named

S; //Find synchronized cluster

if (S:Size > 0) then

S is viewed as a cluster;

Set all objects in S checked;

C:addðSÞ;
else

Set object p to Noise and checked;

end if

end for

3.3.2 Model Selection with Minimum Description Length

In last section, we described the algorithm Sync for
partitioning clustering which requires an appropriate
initial size of the neighborhood for mutual interaction.
Although our experiments demonstrated that the cluster-
ing result is quite robust against the initial neighborhood
size �, we propose to combine Sync with ideas from
Minimum Description Length [16] for fully automatic
clustering. More specifically, the MDL principle is applied
to compress a set of candidate clustering models Ml, where
in our case different models correspond to the clustering
results with various �.

To generate a suitable set of models, we apply the
following heuristic: To guarantee a stable interaction of each
object, we initiate � with the average value of the k-nearest
neighbor distance determined from a sample from the data
set for a small k. We increase � stepwise until all objects
synchronize in a cluster. A reasonable step size �� is
determined by the difference between average ðkþ 1Þ-
nearest neighbor distance and average k-nearest neighbor
distance. We recommend to choose k sufficiently small and
k ¼ 3 nearest neighbors were applied in all experiments. The
impact of step size �� for clustering is further evaluated in
Section 5. From all candidate models, we select the model
resulting in the minimum description length. In the follow-
ing, we explain in detail how to compress a candidate model.

Given a data set D and a clustering model M, the
fundamental idea of MDL is to exploit the regularities in the
data described by M for effective compression of the data.
To avoid overly complex models, the overall description

length includes not only the cost for coding the data
exploiting the model, denoted by LðDjMÞ, but also the cost
LðMÞ for coding the model M itself.

Assuming there are K clusters, the coding cost or
description length for the data LðDjMÞ is provided by

LðDjMÞ ¼ �
XK
i¼1

X
x2Ci

log2ðpdfðxÞÞ; ð5Þ

where the pdfðxÞ means the likelihood of object x in its
cluster. To allow for arbitrarily shaped clusters, we propose
to estimate pdfðxÞ by nonparametric kernel density estima-
tion, a widely used technique with numerous applications
in machine learning, pattern recognition, and computer
vision [34].

For coding the cluster model LðMÞ, we need to specify
the cluster assignment as well as the model parameters,
which is given by

LðMÞ ¼
XK
i¼1

XjCij
j¼1

log2

N

jCij

� �
þ
XK
i¼1

pi
2

log2 ðjCijÞ; ð6Þ

where the first term represents the coding cost for the cluster
assignment and the second term is dedicated for coding the
parameters. Here, pi is the number of bandwidths for kernel
density estimation, which equals the dimensionality of the
data set.

Finally, the total coding cost for a clustering model M is

LðD;MÞ ¼ LðMÞ þ LðDjMÞ: ð7Þ

The objective is to find the best cluster model minimizing
the total coding cost:

Mj ¼ argmin
Mj

LðD;MjÞ: ð8Þ

To summarize, the pseudocode of Sync with MDL-based
model selection is illustrated in Algorithm 2.

Algorithm 2. Sync for Partitioning Clustering

Input: Data Set D

l ¼ 0; �0 ¼ NNðkÞ; //Initialization

while (no global synchronization) do

½Rl� ¼ DynamicClusteringðD; �lÞ;
if (Rl consists of one single object) then

global synchronization ¼ True;

end if

Compute the coding cost LðD;RlÞ;
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Fig. 2. The process of dynamical clustering. (a)-(c): Object states at the time steps t ¼ 0; 2; 4. (d): Evolution of cluster order parameter.



�l ¼ �l þ��; //Increase �: �� ¼ ðNNðkþ 1Þ �NNðkÞÞ
l ¼ lþ 1;

end while

//Obtain results with global minimal MDL value

R� ¼ argminRl LðD;RlÞ;
return R�;

4 DISCOVERING INTERPRETABLE CLUSTER

HIERARCHIES

In the previous sections, we analyzed the flat structure of a
data set using partitioning clustering. In real life, the
structure of a data set may be complex and can be better
represented as a hierarchy. It is not sufficient to analyze the
cluster structure only on one scale. Therefore, we propose a
new algorithm hSync for detecting meaningful levels of the
hierarchical cluster structure.

4.1 Key Observation

For partitioning clustering, we start the dynamical interac-
tion among objects with a small value of � and increase it
stepwise until all objects synchronize in a cluster. MDL is
then used to find the best cluster structure: whenever the
clusters are good representation of the data structure, they
can be used for efficient coding (or compression) of the data
set, which result in the minimal MDL value. Actually, we
can also link the MDL principle to hierarchical data
analysis, not linking the global minimal MDL value, but
all local stable minimal MDL values. The key observation is
that if a data set exhibits a hierarchical cluster structure, the
MDL values show several distinct stable local minima.

Specifically, when we start the interaction range � with a
small value, objects with highest density will synchronize
together and are regarded as a cluster (See Figs. 1a, 1b, and
1c in Section 1). If the synchronized objects form reasonable
clusters reflecting the data structure at the microscale, the
coding costs of the clusters will result in a local relatively
low MDL value. By increasing of the � with the step size ��,
if there exist a hierarchal structure of the data, a period of
the interaction ranges � will result in the similar clustering
results, which thus produce a period of stable MDL values.
Then, in a sequential process, with the further increase of
the �, more and more objects with less local density tend to
synchronize together (c.f. Figs. 1d, 1e, and 1f). Again, if
these new synchronized clusters indicate a meaningful level
of the hierarchical structure of data, this results in a new
period of relatively low and stable MDL values for a range
of � values. Finally, all objects may merge together with
sufficient interaction range �.

4.2 Exploring the Hierarchical Cluster Structure

Based on the above observation, to find meaningful levels

of the cluster hierarchy, we need to search for stable ranges

of local minimal MDL values. Since the MDL values

specify the coding costs or compression ratio of a

clustering, the local minima of the MDL values indicate

high-quality clusterings representing meaningful levels of

the hierarchy. Multiple periods of stable ranges of MDL

values strongly support the hierarchical nature of a cluster

structure. We introduce the locality-quality plot visualizing

the MDL for increasing �. From this plot, for each local and

stable range of minimal MDL values, the corresponding

clusters can be easily determined. To robustly explore

the cluster structure, the central � associated with a local

stable range of MDL values is selected as a representative

denoted by �KEY . The clusterings corresponding to the

different �KEY form a compact and interpretable hierarch-

ical tree. Formally, a representative �KEY and the locality-

quality plot are defined as follows:

Definition 4 (Representative �KEY ). Let J be the set of all
intervals J ¼ ð��; �̂Þ where MDLð�Þ is sufficiently constant,
i.e., where @

@�MDLð�Þ � �. Then, the mean of each of these
intervals defines a representative �KEY with �KEY ¼
1
2 ð��þ �̂Þ8J 2 J .

Definition 5 (Locality-quality plot). The x-axis of this plot
represents clustering results generated by increasing � from a
small start value with step size ��. The y-axis displays the
corresponding MDL values. Furthermore, representatives �KEY

corresponding to meaningful hierarchy levels are included.

For illustration, Fig. 3 shows a 2D data set with
hierarchical structure. Fig. 3a displays the locality-quality
plot. It is obvious that there exist two stable and local
minimal ranges of MDL values. The representatives �KEY

are detected as in Definition 4 (see the star points in Fig. 3a).
The corresponding hierarchical tree of the data set is shown
in Fig. 3b. Figs. 3c, 3d, and 3e further illustrate the detected
clusterings with the representatives �KEY at different levels.
The pseudocode of hierarchical clustering algorithm hSync
is provided in Algorithm 3.

Algorithm 3. Hierarchical Clustering Algorithm hSync
Input: Data Set D

l ¼ 0; �0 ¼ NNðkÞ; //Initialization

while (No global synchronization) do

½Rl� ¼ DynamicClustering(D; �l);

if (Rl.clusterSize ¼¼ 1Þ then

global synchronization ¼ True;

end if

Compute the coding cost LðD;RlÞ;
�l ¼ �l þ ��; //Increase �: �� ¼ ðNNðkþ 1Þ �NNðkÞÞ
l ¼ lþ 1;

end while

Calculate the representative �KEY with Definition 4;

Generate the Hierarchical tree;

return R�KEY ;

5 PROPERTIES

5.1 Parameter Selection

In previous sections, to explore data structure inspired by
synchronization, We initiate � with a small value and
increase it with a reasonable step size ��. The question is:
How does this step size �� influence the clustering result?

As we illustrated in Section 3.3.2, the step size �� can be

heuristically determined by the difference between average

ðkþ 1Þ-nearest neighbor distance and average k-nearest

neighbor distance (k ¼ 3 in this paper). To systematically

examine the impact of the step size on clustering, we study
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the variation of MDL values with different ��. Fig. 4 shows

different locality-quality plots obtained by increasing with

different step size (from �� ¼ 0:005 to �� ¼ 0:02) on the

data set displayed in Fig. 3. Obviously, the hierarchical

pattern of MDL values is very similar for different step

sizes. Therefore, the corresponding representative �KEY

indicating the clustering structures are the same. Thus, the

result is very robust against �� which supports that our

heuristic is sufficient to provide accurate results.
Furthermore, we evaluate the impact of different slope

threshold on hierarchial clustering. Fig. 5 displays three

locality-quality plots obtained with different slope thresh-

old (from � ¼ �=12 to � ¼ �=6 ) on the same data set. It is

interesting note that the slope threshold is very robust to the

clustering results since the corresponding representatives
�KEY are nearly all the same in all plots.

5.2 Runtime Complexity

For each dynamical clustering by synchronization, the
runtime complexity with respect to the number of data
objects and dimensionality is OðT �N2 � dÞ, where N is
the number of objects, d is the dimensionality, and T is
the time evolution. In most cases, T is small with
5 � T � 20. If there exists an efficient index, the complex-
ity reduces to OðT �N logN � dÞ. With clustering model
selection based on MDL principle, the final complexity of
Sync is OðL � T �N logN � dÞ and L is the number of
different clustering models (clustering results with differ-
ent interaction ranges �). For algorithm hSync, the
complexity is also OðL � T �N logN � dÞ as both dynamical
clustering and clustering model selection are involved.
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Fig. 4. The impact of different step size �� on clustering by investigating the corresponding locality-quality plots.

Fig. 5. The impact of different slope threshold � on clustering by checking the locality-quality plots.

Fig. 3. Exploring hierarchical structural data.



5.3 Synchronization-Based Clustering in the
Context of other Major Clustering Paradigms

Following a common characterization, we can distinguish
between model-based clustering algorithms, e.g., K-means
[23], which describe each cluster by a parametric model
(e.g., a Gaussian with parameters mean and variance). Some
techniques like affinity propagation [15] at least summarize
the cluster content by exemplar points. Techniques provid-
ing a cluster summarization by a model or by exemplar
points share the benefit of enhanced interpretability of the
clustering result, which, however comes with the drawback
that the clustering quality tends to degrade if the data
distribution does not fit the model assumptions. Nonpara-
metric density-based clustering techniques like DBSCAN
[14] and spectral clustering [25] regard clusters as areas of
high object density which are separated by areas of lower
object density. These techniques flexibly detect clusters of
arbitrary shape and data distribution but do not output any
cluster summarization. Synchronization-based clustering is
positioned in between model-based and nonparametric
models: The direction of local object movement is deter-
mined by the local object density, therefore our algorithms
are conceptually related to density-based clustering. How-
ever, interestingly, our approaches also share some proper-
ties with model-based approaches like K-means: The
clustering process clearly follows a model, the Kuramoto
model. Moreover, during the process of synchronization,
objects move together. The synchronized clusters at the
final stage therefore represent meaningful exemplar points
for the clusters (see Fig. 2c) which are interesting for
interpretation and data summarization.

6 EXPERIMENTAL EVALUATION

Selection of comparison methods. To extensively study
the performance of our algorithms Sync and hSync, we
compare their performance to established model-based and
density-based clustering techniques. In particular, K-Means
[23], probably the most widespread algorithm for clustering
serves as a baseline. Since our algorithms avoid difficult
parameter settings by an MDL-based model selection
approach (see Section 3.3.2), we also compare to the
algorithms X-Means [27], RIC [9], and OCI [10]. These
approaches extend model-based clustering with MDL to
avoid the parameter K specifying the number of clusters in
K-means and related approaches. We further compare to
MeanShift clustering [11], since this algorithm is related
to kernel density estimation, a technique which we use to
estimate the data likelihood for our model selection
strategy. The affinity propagation algorithm [15] is a
relevant comparison partner since similar to Sync it does
not require clusters with a specific data distribution
and produces exemplar points as a result. For density-
based clustering, we chose DBSCAN [14] and spectral
clustering [25] as two well-known representative algo-
rithms. For hierarchical data analysis, we further compare
our algorithm hSync to two popular hierarchical clustering
approaches: Single Link [19] and OPTICS [5].

Evaluation of model selection. Our model selection
approach discussed in Section 3.3.2 can be in principle
applied together with any clustering approach; however,
let us note that it is especially suitable for density-based
approaches since for model-based approaches, we can

directly use the model, e.g., a Gaussian Mixture Model to
assess the data likelihood. To evaluate clustering quality
and model selection separately, we selected to use our
model selection approach for parameter tuning in
DBSCAN [14], which turned out to be the best performing
comparison algorithm in the experiments. For DBSCAN,
the parameters MinPts and � must be specified by the
user. Since the parameters are correlated and the para-
meter MinPts does not significantly change the clustering
result when MinPts > 4 [14], we fixed MinPts ¼ 6 (the
default value in WEKA data mining toolkit http://
www.cs.waikato.ac.nz/ml/weka). As suggested as a
guideline for parameter tuning in [14] we then generated
the sorted 6-dist graph for estimating parameter �. In
contrast to [14], we not only focus on the first “valley” of
the sorted 6-dist graph, but all valleys in the graph. The
corresponding values of all these valleys were used for
candidate values of parameter �. We then used our model
selection strategy to select the best DBSCAN result among
these candidate clusterings.

Implementation and evaluation methodology. We
implemented Sync, hSync, and Spectral clustering in Java
and obtained source codes of RIC and OCI from the
authors. The source code of the MeanShift algorithm is
available at: http://www.mathworks.com/matlabcentral/
fileexchange/10161-mean-shift-clustering and that of AP at:
http://www.psi.toronto.edu/affinitypropagation.
K-Means, X-Means, DBSCAN, and OPTICS are implemen-
ted in WEKA available at http://www.cs.waikato.ac.nz/
ml/weka. Single Link is implemented in Matlab. All
experiments have been performed on a workstation with
2.4 GHz CPU and 2.0 GB RAM. To provide an objective
comparison of different clustering algorithms, we report
three more robust information-theoretic measures for
cluster quality, which have been proposed in [33]: Adjusted
Mutual Information (AMI), Adjusted Variation of Informa-
tion (AVI), and Normalized Variation of Information (NVI).
For these measures, higher values represent better cluster-
ings. Furthermore, we also report precision and recall to
analyze single clusters.

6.1 Synthetic Data

We start the evaluation with 2D synthetic data to facilitate
presentation and demonstrate the benefits of our partition-
ing and hierarchical clustering approaches mentioned in
Section 1.2.

6.1.1 Comparison to State-of-the-Art Clustering

For comparison, we created a 2D data set consisting of eight
arbitrarily shaped clusters plus noise points, cf. Fig. 6.
Please also refer to Table 1 for a summary of the results in
terms of clustering quality measures. For K-Means and
spectral clustering, best results have been achieved for K ¼
9 clusters. K-Means cannot successfully detect the clusters
in this data set which are not limited to Gaussian or
spherical data distribution, cf. Fig. 6b. Spectral clustering,
which in principle has the potential to detect arbitrarily
shaped clusters also performs poorly on the data set cf.
Fig. 6c. The reason lies in the fact that the performance of
spectral clustering is severely affected by outliers or noise
objects. Parameterized as recommended in [15], affinity
propagation yields 341 clusters. However, the implementa-
tion also allows manually selecting the number of clusters.
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For comparison with the other algorithms, the result with
K ¼ 9 clusters is displayed in Fig. 6d. As for spectral
clustering, the performance of AP degrades in the presence
of noise and outliers. The basic AP algorithm as in [15] uses
the negative squared distance as similarity measure. Since
this distance measure is suitable to detect spherically
shaped clusters only, we replaced it by the Isomap [31]
distance. The basic idea of Isomap is to use the euclidean
distance in the local neighborhood and substitute the
shortest path distance to faithfully capture longer distances
on manifolds. However, using Isomap distance with K ¼ 10
neighbors did not improve the results of AP, cf. 1, there
denoted by AP0, probably because there is no suitable
neighborhood size for all areas of the data set. For
MeanShift clustering, best results have been achieved
setting the window size to 6.3. In Fig. 6e, the areas of
estimated major object density are marked by black circles.
Similar to SC and AP, the density estimation in Meanshift is
disturbed by outliers. Since the data include clusters of
various object density, DBSCAN cannot identify all these
clusters in a single run with one particular parametrization
(Figs. 7a and 7b). The result with the best MDL according to
our model selection approach is achieved for � ¼ 0:035. In
comparison with these established clustering algorithms,
Sync automatically and correctly detects all clusters and
noise points driven by the synchronization principle, cf.
Fig. 6e. In the experiments displayed in Figs. 6f, 6g, and 6h,
we further compare the performance of Sync to various
parameter-free clustering algorithms. As evident from
Fig. 6f, X-Means fails to detect the clusters since they are
not Gaussian and the data set contains noise points. The
cluster model of RIC is limited to linear attribute correla-
tions and a predefined set of PDFs, which does not fit to our
example data set. Therefore, RIC does not perform very

well on this example, cf. Fig. 6g. Also the performance of
OCI is not satisfying since again, the assumption of the data
distribution, in this case Exponential Power Distribution,
does not fit to our example data set, cf. Fig. 6h.

As the algorithms of Spectral clustering, MeanShift,
K-Means, X-Means, AP cannot handle the noise effectively,
we removed all noise objects from the data set for further
comparison. As Table 1 results demonstrate that removing
noise boosts the performance of the algorithms AP,
MeanShift, DBSCAN, Spectral clustering, and OCI. How-
ever, Sync still outperforms all comparison algorithms.

6.1.2 Impact of the Dimensionality

To assess the impact of the dimensionality of the data space
on Sync, we created six synthetic data sets of different
dimensionality. The number of objects in all six data sets is
500 consisting of two clusters with 200 objects and 100 noise
objects. Cluster have been generated from a d-dimensional
multivariate Gaussian distribution with different means and
covariances. The values of noise dimensions were drawn
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Fig. 6. Comparison with various clustering algorithms: K-Means, Spectral Clustering, Affinity Propagation, MeanShift, X-Means, RIC, and OCI.

TABLE 1
Performances on Synthetic Data with and without Noise

Fig. 7. The result of DBSCAN with different parameters on the synthetic
data.



independently at random from a uniform distribution. We
successively increased the dimensionality and also added
noise dimensions. Fig. 8 compares the performance of Sync
to DBSCAN as measured by the established quality measure
NMI. The performance of Sync does not degrade up to a
dimensionality of 30. In this 30D data set cluster 1 has
10 noise dimensions and cluster 2 even 20 noise dimensions.
When further increasing the dimensionality to 50 and we
have 20 and 30 noise dimensions for cluster objects,
respectively, Sync slightly degrades in performance. Similar
performance can even be observed on the data set with an
dimensionality of 100 and with even 50 and 70 noise
dimensions. DBSCAN only obtains good results on data
with relatively low dimensionality. Especially, for a dimen-
sionality of 30 and above, Sync significantly outperforms
DBSCAN. With increasing dimensionality, the winning
margin of Sync increases greatly.

6.1.3 Robust Hierarchical Clustering

To evaluate the performance of hSync on hierarchical data,
we generated 2D data with the so-called Single Link Effect
and noise, which are two known problems with hierarch-
ical clustering. The algorithm hSync successfully copes
with both problems as illustrated in Fig. 9d. It is obvious

that two stable ranges of local minimal MDL values exist
in the Locality-quality Plot (cf. Fig. 9a). Therefore, the
cluster structure and corresponding clusters in different
levels are easily obtained with the three representative
�KEY (see Figs. 9d, 9e, 9f, and 9g). For comparison, the two
popular hierarchical clustering algorithms Single Link and
OPTICS are also applied to the data set. For Single Link,
there is no obvious cluster structure visible in the
dendrogram (cf. Fig. 9b) due to the massive Single Link
effect. Also with OPTICS, it is not easy to detect the cluster
structure, especially because of the noise points, see Fig. 9c.
Best results have been obtained using � ¼ 0:8 and
MinPts ¼ 6. Note that hSync is especially robust against
outliers and noise points, since those points do not
synchronize with any of the clusters but keep their original
phases during time evolution.

6.2 Real World Data

In this section, we evaluate the performance of Sync and
hSync on real-world data publicly available at the UCI
machine learning repository (http://archive.ics.uci.edu/
ml). Due to space limitation and difficult parametrization,
we limit the comparison to the parameter-free clustering
algorithms and DBSCAN with model selection.

6.2.1 Wisconsin Data

The Wisconsin data set deriving from a study on breast
cancer consists of 683 instances which are labeled to the
classes malignant (M: 239 instances) and benign (B: 444 in-
stances) (16 instances with missing values have been
removed from the original data set). Each instance is
described by nine numerical attributes.
Sync detects two clusters successfully. The first cluster

with 433 objects represents the class benign, the second
cluster with 250 objects the class malignant. In total,
23 instances have been wrongly clustered which results in
a NMI of 0.777. X-Means detects three clusters ðC1 : ðM :
23; B : 174Þ, C2 : 261ðB : 261Þ, C3 : 225ðM : 216 B : 9ÞÞ.
Thirty two instances have been wrongly clustered with
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NMI of 0.324. With RIC, five clusters are obtained with
NMI of 0.344. On the data set, the OCI algorithm obtains
13 clusters with NMI of 0.274.

On the data set, DBSCAN detects two clusters (C1:
410ðM : 2; B : 408Þ, C2 : 273ðM : 237, B : 36Þ). The first
cluster mainly corresponds the benign class with
precision ¼ 99:5% and recall ¼ 91:9%. Cluster 2 mainly
includes malignant class resulting in precision ¼ 86:8%
and recall ¼ 99:2%. Thirty eight instances have been
wrongly clustered which results in a good NMI (0.703).
The performance of these different algorithms are further
indicated in Table 2.

In total, we notice that Sync achieves all we wanted:

1. Sync automatically finds the correct number of
clusters;

2. Sync detects natural clusters in the data (with high
NMI value);

3. Sync discovers almost all objects of each cluster with
high recall (96.2 and 97.5 percent);

4. all instances in each cluster match with corresponding
type (with highest precision of 98.6 and 93.2 percent).

6.2.2 Diabetes Data

Each data object in this data set consists of eight significant
risk factors which were chosen for forecasting the onset of
diabetes, including, e.g., the number of pregnancies, the
diastolic blood pressure, the diabetes pedigree function,
age, etc. These samples are labeled to two classes (Positive:
268; Negative: 500), namely whether the patient is tested
positive for diabetes or not according to World Health
Organization criteria. Sync detects six clusters on the data
set. Fig. 10 summarizes the cluster contents. Each bin
represents the scaled average of each attribute within the
cluster. The first cluster consists of 477 samples and mainly
hosts the healthy subjects (365 samples). This group is
characterized with the relative low value of these eight risk
factors, especially for number of pregnancies and the body
mass index which is characteristic for young people. Sync
assigns 118 out of 216 samples of the patient group to
cluster 2, where are mainly middle-aged people who have
a high number of pregnancies, and a high plasma glucose
concentration. Cluster 3 and Cluster 6 are mainly hosting
subjects with diabetes, which are characterized by high
diabetes pedigree function, skin fold thickness and age.

Subjects in cluster 4 are characterized by a high plasma
glucose concentration a 2 hours in an oral glucose
tolerance test and missing measurements for blood
pressure, skin fold thickness, and 2-hour serum insulin.
Moreover, Cluster 5 hosts people who have no measure-
ment of blood pressure, skin fold thickness, 2-jour serum
insulin, and body mass index. In total, the clustering
results in an NMI of 0.051. X-Means merges all instances in
one big cluster. RIC and OCI detect three and four clusters,
respectively, and corresponding NMI values are 0.032 and
0.011. DBSCAN finds three clusters ðC1 : 654 ðP : 208,
N : 446Þ, C2 : 94 ðP : 50, N : 44Þ, C3 : 20ðP : 10; N : 10ÞÞ
and results in the NMI value of 0.018. In summary, Sync
detects meaningful clusters and yields best result with the
highest NMI value (cf. Table 2).

6.2.3 Glass Data

The data set comprises nine attributes representing differ-
ent physical and chemical properties. Two hundred and
fourteen instances are labeled to seven classes (no instance
for class of vehicle windows) representing various types of
glass. Since we can expect a hierarchical structure, we apply
hSync. The results are illustrated in Fig. 11. At the first scale,
cluster (A)-(C) start to emerge from the data set when �
ranging from 0.2 to 0.3, which represent the classes
“building windows float processed” and “building win-
dows non float processed” and “vehicle windows float
processed,” respectively. At the same time, Cluster (D) and
Cluster (E) are detected at this level, which are mainly
represent instances of the classes “nonwindow glass
containers” and “nonwindow glass tableware.” Since the
three clusters (A)-(C) are very similar, they are further
merged together as the cluster [F] (“window glass”) when �
at the range from 0.4 to 0.62. Similarly, the cluster (D) and
cluster (E) are also synchronized together with cluster [G] at
the second level. In addition, another cluster [H] is formed,
which mainly belong to the class “head lamps.” With
further increase of �, during the range from 0.64 to 0.78, the
cluster [G] and cluster [H] are merged as a cluster [I], which
is characterized as the “nonwindow glass.” Finally, most
instances (expect a few outliers) are formed as a cluster
when � � 1:2 at the fourth level. For comparison, Fig. 11c
displays the reachability plot generated by OPTICS with
MinPts ¼ 7; � ¼ 1:5 of this data set. Only two clusters are
visible and the class “tableware” is well separated forming
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TABLE 2
Performances on Wisconsin Data and Diabetes Data

Fig. 10. Illustration of the result of Sync on diabetes data: each bar in each of the six clusters indicates the mean value of different factors and is
scaled to [0,1].



a distinct cluster (marked by B). The other clusters are much
less pronounced. For the dendrogram of Single Link only
the cluster “headlamps” can be identified clearly and most
other instances are wrongly clustered (See Fig. 11d).

6.2.4 Ecoli Data

This Ecoli data set deriving from a study on protein
location consists of 336 instances. It includes eight highly
unbalanced classes having from 2 to 142 objects per class
and each instance is described by seven attributes. The real
data set is also exhibits hierarchical structure [28], there-
fore, the hierarchical analysis is performed. For algorithm
hSync, the plot of the MDL values w.r.t. � is indicated in
Fig. 12a. Based on the plot, the hierarchical structure of the
data set can be easily generated (see Fig. 12). Sync detects
a three-level hierarchy. At the first level, five stable
clusters (A-E) start to emerge when � ranging from 0.26
to 0.32. Cluster A is composed of 155 instances and 135 out
of them belong to “cytoplasm (cp),” which results in P ¼
87:1% and R ¼ 94:4%. Cluster B includes 30 instances and
mainly represents the type “perisplasm (pp)” with the
P ¼ 90:0%. The types of “inner membrane without signal
sequence (im)” and “inner membrane, uncleavable signal
sequence (imu)” form as the cluster C (77 instances) as
they both belong to “inner membrane” and thus very
similar. Cluster D contains 16 instances of “inner mem-
brane without signal sequence (im)” (P ¼ 100:0%). Cluster
E consists of 20 instances and 17 out of them belong to the
type “outer membrane (om).” In addition, 38 instances
are viewed as outliers at this level. Subsequently, at the
second level with � range from 0.39 to 0.53, the cluster
A (type “cp”) and cluster B (type “pp”) merge together
and form cluster F. At the same time, the cluster C (“imu”)
and cluster D (“im”) form a new cluster G, which
represent the “inner membrane”. At the third level, cluster
G (“imu” and “im”) and cluster E (“om”) further group
together and represent as cluster H both inner and outer
membrane. Finally, cluster F and cluster H merge to
cluster I. The corresponding hierarchical cluster structure

is illustrated in Fig. 12b. For Single Link, the dendrogram
is created and it is difficult to find the cluster structure
(See Fig. 12c). Fig. 12d shows the reachability—plot of
OPTICS. From the plot, like the dendrogram of Single
Link, it is hard to identify the cluster structure. However,
only two general clusters (A, B) can be visualized.

7 CONCLUSION

In this paper, we introduced novel dynamic partitioning
and hierarchical clustering algorithms based on synchroni-
zation. Our extensive experiments demonstrated that our
algorithms based on synchronization show several desir-
able properties and outperform state-of-the-art clustering
algorithms. In ongoing and future work, we focus on
supporting semi-supervised clustering by nonidentical
phase oscillators and data visualization techniques based
on the simulated object movement. As a long term goal we
want to closely integrate simulation into the data mining
process to design robust algorithms.
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