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1.1 Concepts About Markov Models

»Random Process on Sequential Data

Random process, is a collection of random variables,
representing the evolution of some system of random values
over time. (Different from the i.i.d. variables)

QR0 -

A sequence of random variables



1.1 Concepts About Markov Models
» Definition

Markov chain(discrete time) is a random process that undergoes
transitions from one state to another on a state space.
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1.1 Concepts About Markov Models

» Markov Property:

The conditional probability distribution of future states of
the process depends only upon the present state, not on
the sequence of events that preceded it.

1-Order Markov Chains



1.1 Concepts About Markov Models
»1-Order Markov Model
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Model Parameters: 4 = (A, m)

Note that transition diagram does not represent a probabilistic graphical
model, because the nodes are not separate variables but rather states of a single
variable



1.1 Concepts About Markov Models

» How can we generate a sequence of observations?

" (0.6 01 0.3 0.3)

Input: 1. Model A = (A4, ) : A=3701 05 04 m =104 :
2. Sequencelength T | 0.2 03 0.5 0.4 |

| Transition Matrix Initial Probability ,'

= e mmmmm e mmmmm-a-
Output: A sequence of data : @ @ @ @ @ L @ :
O = (04,05, ...07) ' !

. x0 x1 X2 X3 x4 nes xT '
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| 0.6 0.1 0.3

- 0.3 A=101 05 0.4

0.6 0.5 0.2 0.3 0.5
0.1 f 0.4 Transition Matrix
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Transition diagram
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Three states of weather on one day:  Three states of price of stock:

S1: Supny S1: Stable
52: Rainy 52: Increase
S3: Cloudy S3: Decrease



1.1 Concepts About Markov Models

» Some Issues

1. Given the model parameters, as well as a sequence of variables
represented the happened events, calculate the probablhty

;

0.3 06 01 0.3 > p(x1,x2,---,xN) =7?
= {0.4} A= {0.1 0.5 0.4}
0.4 0.2 0.3 0.5

2. Given a set of events happened and the initial distribution,
estimate the parameters in the transition matrix
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1.1 Concepts About Markov Models

» Some Issues

3. Solve the convergence state. Suppose there exist a distribution
C={cl c2 c3}

in which the probability will keep stable after multiple by the
transition matrix.

_____________________________________

0.6 0.1 0.3
{cl ¢c2 c3}:901 05 04;={c1l c2 c3}
0.2 0.3 0.5

(C-A=0C)
| D

\ C:{Cl c2 C3}:{7 ? 7} /
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1.1 Concepts About Markov Models

» Some Issues

1. Given model parameters, calculate probability of a
particular consequence variables.
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1.1 Concepts About Markov Models

» Some Issues
2. Given a set of events happened and the initial distribution,
estimate the parameters in the transition matrix
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1.1 Concepts About Markov Models

» Some Issues

3. Solve the convergence state. Suppose there exist a distribution
C={cl c2 c3}

in which the probability will keep stable after multiple by the
transition matrix.
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The mathematical description is similar to the fundamentals of
algorithm PageRank, which will be introduced in Xiaolin’s
presentation.
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1.1 Concepts About Markov Models @ @

» Extension: High Order Markov Chains u
The conditional probability distribution of future states of
the process depends only k states of corresponding events.

2-Order Markov Chains
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1. In probability and statistics, memorylessness is a property of
certain probability distributions: the exponential distributions of
non-negative real numbers and the geometric distributions of non-
negative integers.
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1.2 Something about memorylessness(Gen
(B/aR k)

2. In Markov Model, "memorylessness” are used in a very different
way, in which the underlying assumption of the Markov property
implies that the properties of random variables related to the future
depend only on relevant information about the current time, not on
information from further in the past.

P(Xn X1,y Xn—1) = p(Xn|Xn—-1)

x0 x1 X2 X3 x4



1.2 Something about memorylessness(Gene
(530 HE) Y

3. In dynamic programming, The memorylessness means the
current optimal solution is strictly derived from the optimal
solution from last state, while not considering how did the
previous optimal solution come into being.
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. Search for the minimum cost of a sequence ,
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(The essence of dynamic programming will be discuss later in this slides)
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2.1 Hidden Markov Models ﬁ @
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in Driving Practice
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2.1 Hidden Markov Models

> Activation: Professor Shao’s Procrastination(#EiE)iE)
in Driving Practice
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/ In our world, Professor Shao has only 2 states on one day,
, that is going to drive car or not going to drive car.

Or>» Ofp>» Or>» 1 > 0 > —» 0 >

——————————/

0: No, he doesn’t drive
\ 1: Yes, he drive! Unbelievable! /

e However we don’t know what exactly in Shao’s "
mind. Actually, in his mind there are 4 states:

N: Normal
L: Light

H: Heavy
\ C: Critical

I You never

know what’s
in my mind!
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2.1 Hidden Markov Models _' @
&/

in Driving Practice

Traditional Markov Model fails to describe this probability transition,
since there are something we can’t directly observe! However, there
is a probability pattern can be describe with a latent variable latent
variable(the state of Shao’s mind)

/ \

, |

I 0: No, he doesn’t drive :

‘ ’ :

' a‘a) 1: Yes, he drive! Unbeljevable! !
I K -

:

'\ Traditional Markov Model /

. |
:

0 G’ N: Normal :
L: Light :

:

:

:

:

I

H: Heavy
A C: Critical
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2.1 Hidden Markov Models
» HMM Model
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2.1 Hidden Markov Models

.' a11
Input: 1. Model A = (A4, B, ) L A= :
2. Sequence length T |
|
I
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Output: Sequences of
observe data:

X =(x, x5, ..XT,)
Latent data:

Z = (21,2, ... 27,)




2.2 Three Classic Problems

* 1. Evaluation Problem (Calculation Problem):

Given the observation sequence X = (x1,x2,...xT), and a model 1 =
(4, B, ), how do we efficiently compute P(X | 1)?

* Forward/Backward Algorithm

* 2. Decoding Problem(Predicting Problem):

Given the a model 1 = (4, B, ), how do we choose a corresponding
state sequence X = (x4, x, ... x7, ) which is optimal in some meaningful
sense?

* Viterbi Algorithm
* (Dynamic Programming)

* 3. Learning Problem(Training Problem):

Given a set of observationsequences X = (x1,x2, ...xT), How do we
adjust the model parameters to maximize P(X | 1)?

* Baum-Welch Algorithm
° (EM Algorlthm & GMM) )EHJ:Fﬁ E(] @ﬁ\%U%




2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):

Given the observation sequence X = (x1,x2,...xT), and a
model A = (4, B, ), how do we efficiently compute P(X | 1)?
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2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):

Method 1: Directly Computing:

Given the observation sequence X = (x1,x2, ...xT), for a
special latent sequence Z = (z1,z2, ...zT)

P(Z|A) =T4q - Az1,22 * Ay2,73 * Az3,74 " Az, .Zr

The condition probability is computing as:

P(X|Z,A) = b,1(x1) - byp(x2) -+ b (xT)

Fmal result is:

g P(X|2) = zP(X 1Z, )P(Z|2)

|
|
|
|
|
l

n s e e o - -

= z T21051,72 D71 (X1) Az 3050 (X2) - Az, | 7D, (XT)

Unfortunately, This calculation is computationally unfeasible, even for
small values of n and T; e.g., for N =4 (states), T = 100(observations), there are
on the order of 2 - 100 - 41°% = 10%?computations!



2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):
Method 2: Forward Algorithm

Consider the forward variable «a (i) defined as:

at(i) - P(xlﬂxZJ...!xtJZt - Si IA)

i.e., the probability of the partial observation sequence, xq, x5, -, x¢, (until
time t) and state S;, at time ¢, given the model 4. We can solve for a (i)
inductively, as follows:

1) Initialization:

a 1(i) = m;b;(x1), 1<i<N

2) Induction:

cx 3 1O — [Z8L 4, v cCéidcrr; | By Cocpey 2D A = ¢ = 7 — A, A == Fj == IV

3) Termination: .

PXI2) = ) ar(D)

i=1



2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):

Method 2: Forward Algorithm

-

—————————————————

at(i) = P(x11x21°'°)xtlzt = Sl IA)

1) Initialization:
a 1(l) = T[ibi (xl))

2) Induction:

1<i<N

N
a1() = [Z a t(i)aij] bi(x¢41)
i=1
1<t<T—-1,1<j<N

3) Termination:
N

PXI2) = ) ar()

1=1



2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):
Method 3: Backward Algorithm

Consider the forward variable 8 , (i) defined as:
Bt(l) = P(xt+11 Xt+2,""", XT,Zt = Si IA)

i.e., the probability of the partial observation sequence, xq, x5, -, x¢, (until
time t) and state S;, at time ¢, given the model A. We can solve for 3, (i)
inductively, as follows:

1) Initialization:
Br() =1, 1<i<N
2) Induction:
Be() = | XNy aijbj (s ) |Besa (), t=T—-1,T—2,-,1,1<i<N

3) Termination:
N

P(X| Q) = Z m;b; (x1)B, (V)

i=1



2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):
Method 3: Backward Algorithm

Bt(i) - P(xt+1»xt+21'"le' Zr = Si IA)

1) Initialization:
Br() =1, 1<i<N

2) Induction:

J=1 _
t=T-1,T—-2,---,,1<i<N

3) Termination:
N

, P(X|2) = 2 m;b; (x1)B, (i)

b / i=1

| y :
7 : B (D) = zaijbj(xt+1) Ber1 ()

-

—————————————————



2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):

Discussion:

The complexity of Direct Computing is O(TN™), The complexity of
Forward/Backward Algorithmis O(TN?).
Why? Direct Computing has a lot of redundant computations!
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2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):

Extension: Floyd Algorithm, computed the shortest path of all pairs
on a net, whose complexity is O(N3).

A network



2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):

Some interesting probability calculations:

1) define the variable:
Ye(@ = P(z, = Si|X, 2)

i.e., the probability of being in state S; at time t, given the observation
sequence X, and the model A.

. P(Zt = SerI/D
Ye(@) =Pz, = Si1X, 1) = P(X|1)
(DB )
 PX|D)
a(1)Be(i)

~ IV @ (DBe()



2.2 Three Classic Problems

» 1. Evaluation Problem (Calculation Problem):

Some interesting probability calculations:

2) define the variable:
(i, )) = P(Zt = Si,Zt41 = Sle,ﬂ)

i.e., the probability of being in state S; at time ¢, and in state S; at time t + 1
given the observation sequence X, and the model A.

§(i,)) = P(2 = Sy, 241 = Sjlx: A)
_ P(z; = Si,ze41 = S;, X|2)
P(X|2)
B P(z; = Si, zey1 = S;, X|2)
- Z:lzlv=12€\,=1p(zt = SiZt41 = Sj:Xll)
_ a t(i)aijbi(xt+1)3t+1(i)
- i X« t(Da;ib;(xp41)Br+1()




2.2 Three Classic Problems

» 2. Decoding Problem(Predicting Problem):

Given the a model A = (4, B, ), how do we choose a
corresponding state sequence X = (x4, x5, ... x7,) which s
optimal in some meaningful sense?
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2.2 Three Classic Problems

» 2. Decoding Problem(Predicting Problem):
Viterbi algorithm

we need to define the quantity:

6:(i)= max Pz =S8,Z¢ 1, 121, Xt)Xe—1,"""» X1, | L)
Z1,22,° 24T —1

i.e. The maximal probability of being in state S; at time ¢, given the
observation sequence X, and the model A.

Induction:

Oer1(i) = max  P(Zip1 = SiZe—1, 0 Z0, Xep 1, X0 05 X1, |1 A)
21,22, 2T -1

=  max _1[5t(i)aji]bi(xt+1)

erZZr”.rZT

To tind the sequence of latent variable values that corresponds to this
path, defined:

Y.(i) = argmax 6,4 (Da

21,22, 2T -1

i.e. The state of the (¢ — 1) th variable, when the (t ) come to the maximum



2.2 Three Classic Problems

» 2. Decoding Problem(Predicting Problem):
Viterbi algorithm

Input: Model parameter A = (A4, B, ), observation sequence X = (x1, x2, ...xT)

e o o o E— o Em Em D Em Em Em Em D Em Em Em Em Em Em D Em Em Em Em D E e o

d
,7 1) Initialization: \

Y,(() = 0, 1<=i<N

2) Induction:
Ot41 (1) = max  [6;(Dajlbi(xpy) 1<I<N
21,22, 2T -1
Y(i) = argmax §;_,(Daj;, 1<i<N
21,22, 2T -1
3) Termination: P* = max 8, (i)
1=<i<N
zp* = argmax 6 (i)
1<isN

gom EEE o o Em E— O O E E EE O O

4) Optical path backtracking:

\
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|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
l
Fort=T—-1T—2,...,1 !
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S Ze" = YPr41(Ze417) ’
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2.2 Three Classic Problems

» 2. Decoding Problem(Predicting Problem):

Viterbi algorithm
Input: Model parameter A = (A4, B, ), observation sequence X = (x1,x2,...xT)

Output: Optimal latent sequence Z = (z1%,z2%, ...zT™)

g o o o o o e o S O S S S e S B Eam EEw EEn e EEn EEm EEn Eam BEn Ean S EEn Bam EEn Eam M Ean B Emm Eam Eae Eam Em Eaw B e Eem e
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Z z0 z1 Z2 z3 Z
Normal O Q O O O every circle is a state,

corresponding an entry

O O O in a 2-dimensional
matrix. The 6;,,(i ) and
Heavy . ¥, (i) should be
Critical O Q O
\

calculated on each entry
6e+1(i) = max  P(Zpyq = SiZe—1,70, 21, Xer1, X, 00, X1, | 4)

Light

o o,
o o o o o e S e e e

O Q of this matrix!
/
Z4,Z2, 2T -1

max _1[5t(i)aji]bi(xt+1)

Z1,Z2, 2T

Y () = argmax ;1 (a;

21,22, 2T —1



2.2 Three Classic Problems

» The essence of Dynamic Programing

Dynamic programming is a method for solving a complex problem
by breaking it down into a collection of simpler sub-problems.

IR R, A2 sh SR AL
Mo AR, SRS IRE R RSB TR 2 o

JUPh B RS2 (10

I > BT B VIR

L -> BEAPr B SRS B E— B Bei s IUIRES15 2 1Y
BR > BB HRIURESZ B BT A B BRSNS 15 2 1
BIAFRY -> FEAHr B S IR 1T U Z BN B BB 2R84 B8R
A& EHAERRRAE ZANX RS 2 i3 201 . (Fofa k)

[1]S7te from: http:] | www.zhibu.com/ question/ 23995189



2.2 Three Classic Problems

> knapsack problem (5 £ i @)
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item 2

item 1

20

$60 $100
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item 3
N

30

=/

$120 knapsack

50

30

20

$120

$100

= $220

20

10

= $160

i e 1A

$100
+

$60

X 6] A2

SRAGERETIREE) it e N T8 A B AT R

30

10

$120
+

$60

= $180
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2.2 Three Classic Problems

» knapsack problem (7 17 )

« 0-1H5H8: &M AA —1F, AT LR BEA

o M REE SCIRZGS: BIF[i, v]3Ras AT F2 G TN — N B v ]
CISRAG ) e KAOTE o D HRSHFERE T7 R A

m EEE EE EE E— EES B S S S EEE BEE EEE BEE B B S BEE BEE BEE BEE B B S B B .

| F[i,v] = max{F[i — 1,v], F[i — 1,v — Ci] + Wi} |
]

1. R ATiE SN E B v B 7 XA, 35 R RS S i 1 R
s CBERANED 5 A A LAFAL A RATETE — 1P i AH O [ 1A) AL

2. WERAFEREE, A RN “aii — 1N S E v E B
F7 o, BHMERNF[E - 1,v];

3. WUERBCHIE M, AR AN “HT — VYRGB & v — Ci
HHEEHR”, BN RRSR R RIMERUEF[i — 1, v — CilFIN EIEE BN iff:
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2.2 Three Classic Problems

» knapsack problem (7 17 )
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: F[0,0.V] =0 :
I fori=1to N |
' forv=C;toV ;
I l
! Fli,v] =max{F[i — 1,v],F[t — 1,v—C;] + W;} 1
N !
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» Dynamic Programing in Floyd-Warshall Algorithm

Define d[k][i][j] as the shortest path between node i and node j, constricted by
passed medial nodes 1~k.

dlk][i]lj] = min(d[k — 1][i][j]. d|k — 1][i][k] + d[k — 1][k][])
(k,i,j € [1,n])

d(k,i.j)




2.2 Three Classic Problems

» 2. Decoding Problem(Predicting Problem):

With Viterbi algorithm, now you can predict what’s in
Professor Shao’s mind with a maximal probability !
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Transition with dynamic programming thought



2.2 Three Classic Problems

* 1. Evaluation Problem (Calculation Problem):

Given the observation sequence X = (x1,x2,...xT), and a model 1 =
(4, B, ), how do we efficiently compute P(X | 1)?

* Forward/Backward Algorithm

* 2. Decoding Problem(Predicting Problem):

Given the a model 1 = (4, B, ), how do we choose a corresponding
state sequence X = (x4, x, ... x7, ) which is optimal in some meaningful
sense?

* Viterbi Algorithm
* (Dynamic Programming)

* 3. Learning Problem(Training Problem):

Given a set of observationsequences X = (x1,x2, ...xT), How do we
adjust the model parameters to maximize P(X | 1)?

* Baum-Welch Algorithm
° (EM Algorlthm & GMM) )EHJ:Fﬁ E(] @ﬁ\%U%




2.2 Three Classic Problems

* 3. Learning Problem(Training Problem):

Given a set of observation sequences X = (x1,x2, ...xT), How do
we adjust the model parameters to maximize P(X | 1)?

The idea of estimating parameters: Maximum likelihood estimation(MLE)

1 =arg max logP(X | A)

Due to the latent parameters Z = (z1, z2, ... zT), there are not analytic solutions. The
numerical solutions can be derived iteratively.



2.2 Three Classic Problems

* 3. Learning Problem(Training Problem):
EM Algorithm

Expectation-maximization (EM) algorithm is an iterative method for finding
maximum likelihood or maximum a posteriori (MAP) estimates of parameters in
statistical models, where the model depends on unobserved latent variables.

» Initialize parameters
» while not converged

« Expectation step: Calculate log likelihood of the new parameters.
PEROR VLR TT57Q(6, 0 W) R 3, (AL SE UM IS AL 72 B — R 2 20k

TR —2uihR, R E SRR AE T — XML R AR T I 2446,

* Maximization step: Estimate new parameters

FUES 718 SIS, (IR 05 50,



2.2 Three Classic Problems

* 3. Learning Problem(Training Problem):
EM Algorithm

Take Gaussian mixture model(GMM) for example:
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2.2 Three Classic Problems

* 3. Learning Problem(Training Problem):

EM Algorithm on GMM
- - ~ 7 - - - - - - -—-=-=-=== ~
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/ Expectation step v ' Maximization step
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2.2 Three Classic Problems

* 3. Learning Problem(Training Problem):

EM Algorithm
Delay
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GMMUk 85l K (from wikipedia)



2.2 Three Classic Problems

* 3. Learning Problem(Training Problem):

Given a set of observation sequences X = (x1,x2, ...xT), How do
we adjust the model parameters to maximize P(X | 1)?

I
|
|
|
|
|
|
|
l

1= arg max logP(X | 2)
= argm/laxlogP(X | Z, )P(Z |1)

PR iX A IR
—HZHA = (A, B, m)er=E—D AP (Z |A) , ARSRARE I L E BRES (A
ZI), XAHEIEAEIRGS )R E T AkZ e B R ¥ logP(X | Z,A), (KB, &HD

TR TCGMMH I FE: HZSH0 = (o, uk, o) 1S BIFTA R T &A= R
BRI AT R 2D, FREE XA AT 2% R T XA GMMI R (445) «



2.2 Three Classic Problems

* 3. Learning Problem(Training Problem):
Baum-Welch Algorithm (EME%8)
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Framework

1. Markov Chains and Markov Property

« Examples of Markov Chains

» Something about Markov Property
2. Hidden Markov Models
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"+ Three classic Problems :
:  A. Evaluation Problem: Forward/Backward Algorithm :
| * B. Decoding Problem: Viterbi Algorithm (Dynamic Programming) :
|

!

\ * C. Learning Problem: Baum-Welch Algorithm(EM Algorithm & GMM)

4

* Speech Recognition
* On-Line Hand Written Digits
« Computational Biology
4. Other Issues of HMMs
* Types of HMMs
* Implementation Issues
5. Discussion: Generalize to Conditional Random Field
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) 52 B FR) A 2

. por NNF y i /
g Ve L FRATTIG 5

GIEANIBE X0
o I L 0 £5 = K B
1117 AN IR 3 S ARG AR 7
(CENTTESINIR

.8

0" 0T

AR Z AR /DB D o
A A ANEEN 2,
LU

.
":\.\} \ :

[z

-y

- EEE EEE EEE EEE EEE EEE EEE DEE D DEE EEE EEn EEn BEn BEn BEe Dan Da ESm e e B Ew

— e o o o o o o e e e = o= == PP



3.1 PUEHHERH!
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1. FARIPOESEE RF): “shaolaoshiaishuijiao”

2. FETHUAEW, A% A”shaolao shi ai shuijiao” .

3. YENHMMESWNFAX = (x1,x2, ... xT)4i N, BSR4 Z =
(z1, 22, ...2T), TzifER —PNF. B = (A4, B, m)HRKRES T
33, o)/ 4 yDecoding Problem
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1. Training: HEMREAE, HBaum-
Welch 875 3K15 24 = (A, B, )
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On-line Hand Written Digits
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3.2 On-line Hand Written Digits Generatio

Wit WIELTF 5 R A HMMEHE

—————————————————————————————————————————

" HMMA AR R
ability to exhibit some degree of
invariance to local warping
(compression and stretching) of
the time axis.

~
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T ANZ = (21, 22, ... zT).
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3.4 Computational Biology

This is one of the most challenging and interesting problems in
computational biology at the moment. With so many genomes being
sequenced so rapidly, it remains important to begin by identifying genes
Computationally.
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Framework

1. Markov Chains and Markov Property

« Examples of Markov Chains

» Something about Markov Property
2. Hidden Markov Models
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:  A. Evaluation Problem: Forward/Backward Algorithm :
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\ * C. Learning Problem: Baum-Welch Algorithm(EM Algorithm & GMM)

4

* Speech Recognition
* On-Line Hand Written Digits
« Computational Biology
4. Other Issues of HMMs
* Types of HMMs
* Implementation Issues
5. Discussion: Generalize to Conditional Random Field



4.1 Other Issues

» Types of HMMs
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4.1 Other Issues &N f \

» Types of HMMs @ ‘ \%’
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4.1 Other Issues

» Types of HMMs
Left to right Hidden Markov model

____________________
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N: Normal
L: Light

H: Heavy
C: Critical
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4.1 Other Issues
» Types of HMMs
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5. Discussion: Generalize to Conditional Random Field @
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